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(a)

Py P,
q
e Re]
| | |
Lo L L 2L |
TF5 T s s T 5
| L |
[1 mark]
Vertical equilibrium of the beam:
2qL
RA+RE=P1+P2+T (1)
[1 mark]
Taking moments about position E:
4P, L 3P, 4ql?
= R,yL
5 75 50 4
[1 mark]
Substituting values of Py, P,, q and L gives:
R4 =10,600N
[1 mark]
Rearranging (1) for Rg and substituting values for Ry, Py, P5, g and L gives:
R =16,400N
[1 mark]

(b)

Taking the origin at the left-hand end of the beam, sectioning after the last discontinuity and drawing a free body
diagram of the left-hand side of the section:
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a : 4
[3 marks]
(c)
Taking moments about the section position:
3L
L 2L, q{x—%)*
M+P (x—=)+Py{x ——)+———=Ryx
5 5 2
3L
L 2L, q{x—%)*
“M=Ryx =P (x —2) = P (x = ) - ———2—
[1 mark]
2
Substituting this into the main deflections of beams equation (EIZTJZ/ = M):
3L
d?y L 2L, qlx—%)?
E1E=RAX—P1<X—§)—P2<X—?)—T
[1 mark]
Integrating with respect to x:
L 2L 3L
£l dy Ryx? Pilx-— 2 Px—%) qlx—%) iy 2)
dx 2 2 2 6
[1 mark]
Integrating with respect to x again:
L 2L 3L
£l _ Ryx? Pi(x—3)° Py(x—%) CI(X—?)4+A B (3)
Y= 7% 6 6 24 *
[1 mark]
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Boundary conditions:

(BC1) Atx =0,y =0, therefore from (3):

(BC2) Atx =1L,y =0, therefore from (3):

O_RAL3 64P,13 27P,13 16qL*
6 750 750 15000

+ AL

_64P L3 27P,[3 16qL* R,L?

750 T 750 15000

Substituting values of Py, Py, L, q, and Ry into this gives:

A =—28,266.67

From (3),atx = % (point C):

1 <8RAL3 P13 2AL>

Y=%I\750 ~750 T 5

Substituting values of E, I, Ry, L, P; and A into this gives:
y=-0.01025m = —10.25 mm

(i.e. downward deflection)

From (2), atx = % (point C):

dy 1 (4R,1* P12 p
dx  EI\ 50 50

Substituting values of E, I, Ry, L, P; and A into this gives:

dy

=—-0.00216rad = —-0.12°
dx

(i.e. small negative gradient)
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[1 mark]

[1 mark]

[1 mark]

[2 marks]

[1 mark]

[2 marks]
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(d)

From (3),atx = %;

_ 1 (4R 27PUF B8RP qlt  4AL
y= 750 750 750 15000 ' 5

El
[2 marks]
Substituting values of E, I, Ry, L, P;, P5, g and A into this gives:
y=-—0.00658 m = —6.58 mm
(i.e. downward deflection)
[3 marks]
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3.
(a)
Flange
60 o
10 'ﬁ\/ ”””””””” 250 MPa
— |— 10 O-y ”””
__—1180 M M ‘
Web . E =200 GPa
(= - 3
60
&
Yielding will occur through whole of flange, therefore:
250 MPa
y 60 y (gy)
e 10 S .
10 40
,,,,, =
M
10. R E
—250 MPa
(_O-y)
Section of the Cross section of stress distribution
) - through the beam
beam in bending the beam .
cross section
Variation of stress with y:
* Fora<y<50,0=250MPa
. For—a<y<a,0=zf—.f)yMPa
* For=50<y < —a,o0=-250MPa
[3 marks]
Moment equilibrium:
(Balance the moments due to stresses in the elastic and plastic regions with the applied moment)
M = f yodA = f yabdy
A y
[2 mark]

Due to the symmetry of the stress distribution and substituting in the elastic and plastic terms for g, this can be
rewritten as:
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40 50 40 50

250 250
M=2 f yﬁy(lo)dy + f y(250)(60)dy ; = 2 Tf y2dy + 15,000 f ydy
0 40 0 40
B I o D Y i WO
7l 4|3 ’ 2 74\ 3 ’ 2 2
0 40
~M=16,166,666.66 Nmm = 16.17 KkNm
[3 marks]
Compatibility
y
== 1
£=% (1)
[1 mark]
Aty = 40 mm, o = gy, = 200 MPa and since this point is within the elastic range:
ay 250 _3
== ——=1, X
€= = 200000 1210
[1 mark]
Substituting this into (1) gives:
1.25x 1073 = 40
' "R
~R=32,000mm=32m
[3 marks]
(b)
[ - bd3 bd3 _ 60 x 1003 ) 25 x 803 286666667 4
~\12 12 T 12 12 )~ “eeoeeee/mm
outer gaps
[2 marks]
Unloading is assumed to be entirely elastic. Beam bending equation:
M o (_ E)
I y\U R
) AM _ Ao
ST
[1 mark]
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Max change in stress (Ag) will occuraty = g = Ymax (= £50 mm).

agel =AM X Ymax _ =M X Yingx _ ~16,166,666.66 X £50
h max — -

i i B 2,866,666.67

= +281.98 MPa

i.e.aty = 50 mm

Acgl,, = —281.98 MPa

and aty = —50 mm

Acgl,, = 281.98 MPa

[2 marks]
250 MPa
50 mm y (o)) —281.98MPa +y —31.98 MPaty
A0 MM e N [ R .
—225.99 MPa 24.01 MPa
,,,,,,,,,,,,,,, + o =
g o ag
225.99 MPa —24.01 MPa
—-40mm -/ N 1
—50mm e e e
—250 MPa 281.98 MPa 31.98 MPa
(_Uy)
Loading stress (Elastic) unloading Residual stress
distribution stress distribution distribution
Interpolation of (elastic) unloading line:
Aty = 50 mm, 0 = —281.98 MPa
y=mo+c
~ 50 =mx—281.98+0
~m=-0.177
Aty =40 mm, 40 = —0.417 X0
~ 0 =—22599 MPa
[2 marks]

Residual stress is well below yield (250 MPa), so reverse yielding does not occur. At y = 40 mm, no plastic
deformation occurs during loading and unloading,

_ Oresidual _ 24.01

Eresidual — E = 200’000 =1.201 x 10_4

[1 mark]
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Also,
e=2
R
[1 mark]
~1.201 X 107* = 40
o 1. =2
~ R =333,055.798 mm = 333.06 m
[3 marks]
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4,
(a)
Stress Intensity Factor is given as:
K, =Yovma

where the geometry (and therefore boundaries) affect the value of Y. For example, for a for a crack in an infinite plate,
Y = 1 and for small values of a/W, Y = 1.12 (where W is the width of the plate).

[3 marks]
(b)
Paris showed that crack growth can be represented by the following empirical relationship:
da
— = C(AK)™
oy = C(&K)
[2 marks]

Where C and m are empirically determined material constants. There are 3 stages in the relationship between Crack
growth Rate and Stress Intensity Factor, as shown in the following figure.

da
lOg W
da — (AK)™
gy = @K
Stage | Stage Il
log(AK¢p) log(AK)

[3 marks]

Stage I: Below AK;}, no observable crack growth occurs.

Stage |l: This region shows an essentially linear relationship between Crack growth Rate and Stress Intensity Factor (on
a log-log scale), where m is the slope and C is the vertical axis intercept.

Stage lll: Rapid crack growth occurs, and little life is involved.

[1 mark]

2013-2014 MM2MS2 Exam Solutions 14
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(c)

As mean stress (and therefore R) is increased, fatigue life is decreased as shown in the following figure:

! da
°9\an

Increasing R
log(AK)
[6 marks]
(d)
Failure when K > K,
[2 marks]
Therefore, K < KC/Z for inclusion of safety factor. Where,
K =Yovma
[2 marks]
Rearranging,
Kc/ 75/
2 2
o= = = 211.2 MPa
YVyra 1.12Vvmx8x 1073
[1 mark]
This component is a thin walled cylinder, therefore,
PR
g = T
[2 marks]
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Rearranging,

opt  211.2 % 10
p=-"2=
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(a)

laT
Ethermal = T =aT

| =

(c)

Axial force equilibrium,

P=E£'A—Ea'deA

A
a/,
_ 4y2
0=Eébd — Ea fTo 1_? bdy
_dy,
a/, 4
S« 4y2 a 4y3]1 72 2
w&=2T f l-—g)dy=-T|y—353 =3aT
_d/z _d/z

2 4y? 4y%2 1
0x=E(€_+%—aT)=E(§aTo—aTo<1—d—yZ>)=EaTo<d—yz—§>

Aty =0,

2013-2014 MM2MS2 Exam Solutions 17
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d
_ 2EaT,
O, = 3

2
o, = 0 when % = g, i.e.aty = 10.287d

This is the stress distribution away from the ends. At the ends, o, = 0 and there is a gradual transition between

these:

2013-2014 MM2MS2 Exam Solutions
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(a)

von Mises :

o. y

. _ _ 1 =0
Tresca:o, -0, =0, ” {Tresca
O, = O-y

Oy Oy

Tresca:o, -0, =0,

(b)

Hydrostatic axis

v

o, (oy=0,=03) -

7/

Maximum shear stress
criterion (Tresca)

Distortional energy density
il - criterion (von Mises)

(c)

See part (b).
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